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Nonbinary BCH and RS decoding

 The solution of the error locator polynomial requires some
extra work and, once found, the error values must be
determined.

Sy =€ X1 +¢ Xy+...+€ X,
2 2 2
2t 2t 2t
SZt =ei1X1 +ei2X2 -I—-I—GIVXV

 These equations are not power-sum symmetric.
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Nonbinary BCH and RS decoding 2

o Let A(X) = 1+A x+...+A X" have roots X1, for | = 1,
2,..., V.

o Then, ACX[1) =0 = 1+A X+ +A XY

« Multiplying by eJX/, we get 0= e;X}(1+A X1+ ...
FAXY) = (XA XL AA XY ).

e« Summing over all I, we get

v . . . .
0=>"e; (AX ™ +A, X+ L+ A X X))
-1

Vv vV \' \'

. - » |

0=A, D& X7 +A D & X i+ A D g X+ g X
=1 =1 171 1=
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Nonbinary BCH and RS decoding 3

e Therefore
0= AVSJ'-V-l_Av-lsj-V+1+'"-l_Alsj-l-l_SJ" ()

\"
Sj :_ZAiSj—i’ J =V+1,V+2,...,2t (*)
i=1
 We used the Berlekamp-Massey Algorithm to
solve (*) in the binary case. (*) and (***) are
iIdentical. Therefore we can use the

Berlekamp-Massey algorithm to solve for A/'s
In (***) as well.

uOttawa



Forney’s Algorithm

e Once the error locations are known, we use Forney’s
algorithm to find the error values.

V -
SJ = Zeil X J, J :1,2,...,2'[ (****)

1=1
* Now, we know the values of X,. We can rewrite (****)
as X, X, Xz .. X, [&] [S]
X2 Xz xZ - xZle,| |Ss
XPOXE XS xe | [y
Xe=3S
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Forney’s Algorithm 2

* Although we can solve for e by inverting X, X is a
Vandermonde matrix.

 We can solve Vandermonde systems in a manner
that is less computationally complex than matrix
Inversion.

e This solution is called Forney’s algorithm.
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Forney’s Algorithm

2t-1 |
o Let S(X)= D S;yx) =S +SX+..+ S x
j=0

+ And let Q(x) = S(x)A(x) mod x*!

 Then Forney’s algorithm states that
-1 vy —1
e, =—Q(X ")/ A(X7)

) =




Proof of Forney’s Algorithm
1-x = (1= X)L+ X+ X2 +...+x2* ) = (1—><)2tfxi 1)
1=0
2t-1
(1—x2t)mod x°t =1, therefore {(1—X)Zx'}mod xt =1 (2)
i=0

Q(x) = (S(X)A(x))mod x*!

\"
— (31 + S, X+t SZtXZt‘l(H (1- XiX)D mod x*!

\ =1

- Qtf(ze x1+1jx1[1‘[(1 X; x)Bmodxzt

\j=0 =1 -1

2t-1

= [Sex Z(X.x)JHa xX)]modx” ©

\I_l j=0




Proof of Forney’s Algorithm 2

e Equation (3) can be rewritten as:

( A

Q(x) = Zvlei.xl{(l—xlx)zil(xlx)j} : (1-X,x) |mod x*
= i=0 1

< 1]

\ 1—(XY,x)2t ),
o 1-(Xx)?* mod x?t = 1. Therefore:

Q(x) :Zvleil X,ﬁ(l—X,x)
1=1 i=1

Eq
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Proof of Forney’s Algorithm 3

\" Vv
QX ) =Y X [Ta-X X (4)
| = 1=
' i;t}
Equation (4) always has a zero in the product except when | = k.
Therefore (4) becomes:

QX ) =g Xkﬁ(l_ X\ X)) (5)
=1
1K
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Proof of Forney’s Algorithm 4
A(X) :H(l— X X)

A'(X) = ZX,H(l X X)
=1 =1
E3

AX ) = Zx,]‘[(l XX ——xkll[(l—xixk—l)
=1 =1 =1
E4 1k




Proof of Forney’s Algorithm 5

Y
_eikaH(l_XIXk_l)
i1

QXA (X = b —e

Vv
=X JTA- XX,
i=1

Ea%




Example

Consider a two error correcting RS code of

length 7.

g(x) = (x+a)(x+a2)(x+ o) (x+ )
Thisis a (7,3) 8-ary code.
Suppose r(x) = a3x+ox3.

S, =+l = o
S, = oPtod = o2
S;=ab+ab =0.

S,=a+a® =1+a? = .

uOttawa



Example: Berlekamp-Massey to find A(X)
A (x) =1
AY(x)=1,d, =1
k=15, = d; =, AP (x) = A9 (x) + dgld, xATD (x) =
1+ a°X
k=2S,=a%d, =a’+a°=a°, A (x) = AY (x) + d;*d,xA (x) =
1+a’X+Xx=1+a’x

k=3S,=0,d;=0° A®(x) = A (x) +d; d;xAP (x) =

1+ a*x+ ax(l+ a°x) =1+ a°x + a°x
k=4,S,=0a°d, =a®’+a=a, A (x) = A® (x) + d3'd,xA? (x) =

1+ a*x+a®x@+a*x) =1+ x + a*x

AX) =1+ x+a*x? = A+ ax) L+ a>x)
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Example: Finding e;; and e;, using the Forney
Algorithm

S(X) = aP+a?X+aPx3,

And A(X) = 1+x+a?x2.

Thus Q(X) = (a5 + (a2+a5))( + (0!9+CZ2)X2 + (0(6+0{6)X3 +
oPx* + a3xP)mod x4 = (a® + X + afx* + o*x°)mod x* =
o + aX.

Lastly, A’(x) = 1.

e, = QXD /AKX =ertadadd® = ovt+a? = o

e, = QYD TANKY) = eetadad = v+l = o
Therefore e(x) = a?x+a?x3.

We decode the received word as c(x) = r(x)+e(x) = 0.
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